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WARING PROBLEMS AND THE LEFSCHETZ PROPERTIES
THIAGO DIAS AND RODRIGO GONDIM
Abstract. We study three variations of the Waring problem for polynomials, concerning
the Waring rank, the border rank and the cactus rank of a form and we show how the
Lefschetz properties of the associated algebra affect them. The main tool is the theory of
mixed Hessian matrix. We construct new families of wild forms, that is, forms whose cactus
rank, of schematic nature, is bigger then the border rank, defined geometrically.
Introduction
The Waring problem, in number theory, asks for each exponent k, the minimum s such
that every positive integer can be decomposed as a sum of at least s perfect k-th powers. In
analogy, the algebraic Waring problem asks what is the minimum s such that any homoge-
neous polynomial f ∈ K[x0, . . . , xn]d, of degree d, can be decomposed as a sum of at least s
d-th powers of linear forms.
The Waring problem for polynomials is a classical subject in Commutative Algebra and
Algebraic Geometry and it has lots of variants. One of them is the following: for a given form
f of degree d, to find the minimal number s, such that f can be decomposed as a sum of s
powers of linear forms. It goes back to Sylvester, that solves the problem for binary forms in
[Syl, Syl2] (see also [CS]). An explicit decomposition for a given polynomial is hard to find.
For monomials there is a decomposition given in [BBT, ECG], but this decomposition some-
times is not be minimal one. The Waring problem was solved for generic forms by Alexander
and Hirschowitz in [AH1, AH2, AH3]. There are several applications of Waring problems in
computational and applied Mathematics (see [BCMT, CGLM]).
In our context, we are interested in three variants of the Waring problem. We work over
the complex numbers. Let f ∈ R = C[x0, . . . , xn] be a degree d form. We consider these
notions of rank for f :
(i) The Waring rank of f is its algebraic rank: it is the minimum s = wrk(f) such that
f can be decomposed as a sum of d-th powers of s linear forms.
(ii) The Border rank of f is its geometric rank: it is the minimum s = rk(f) such that
the class of f in P(Rd), where Rd = C[x0, . . . , xn]d, belongs to the s-th secant variety
of the Veronese image Vd(P
n) ⊂ P(Rd). It is equivalent to say that there is a one
parameter family of forms ft of Waring rank s such that f = lim
t→0
ft.
(iii) The Cactus rank of f is its schematic rank: it is the minimum s = cr(f) such that
there is a finite scheme K of length s, K ⊂ Vd(P
n)) ⊂ P(Rd) such that [f ] ∈< K >.
It follows that rk(f) ≤ wrk(f) and cr(f) ≤ wrk(f), while in general cr(f) and rk(f) are
incomparable (see [BBM]). We are interested in special forms for which these notions of rank
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do not coincide. For instance, very few examples are known satisfying cr(f) > rk(f), they
are called wild forms (see [BB, HMV]). The main goal of this work is to describe new classes
of wild forms, and to show how they are deeply connected with the Lefschetz properties of
an associated algebra. To be precise, we are not using the usual definition of wild form,
but our condition implies the usual one (see Definition 3.1 and the later comments and also
[BB, BBM, HMV]).
The Strong Lefschetz property (SLP) is an algebraic abstraction introduced by Stanley
in [St] for standard graded Artinian algebras. It was inspired by the so called hard Lef-
schetz Theorem on the cohomology of smooth projective complex varieties (see [La] and
[Ru, Chapter 7]). Let A =
d⊕
k=0
Ak be a graded Artinian K-algebra. We say that A has
the Strong Lefschetz property (SLP for short) if there exists a linear form l ∈ A1 such that
every multiplication map µlj : Ak → Ak+j has maximal rank. A weaker formulation is called
Weak Lefschetz property (WLP). We say that A has the WLP if there is a linear form l ∈ A1
such that all the multiplication maps µl : Ak → Ak+1 have maximal rank (see [HMMNWW]).
Of particular interest are Artinian algebras satisfying Poincare´ duality, which can be char-
acterized as standard graded Artinian Gorenstein algebras, AG algebras for short (see [MW]).
The choice of algebras satisfying Poincare´ duality is natural in the context of the original
Lefschetz result and also in several new contexts where the Lefschetz properties have been
introduced over the years, in categories having a cohomology algebra. From the geometric
perspective, Lefschetz properties were studied for Projective Varieties (see [La, Ru]), Solv-
manifolds (see [Ka]), Arithmetic Hyperbolic manifolds (see [Be]), subvarieties of Shimura
varieties (see [HL]). In Combinatorics, Lefschetz properties were introduced in the con-
text of Simplicial complexes by Stanley in [St, St2] and used in [BN, GZ, KN] just to cite
some. In Representation Theory the Lefschetz properties were posed for co-invariant rings of
Coxeter groups [NW]. Lefschetz properties are also related with the Sperner property (see
[HMMNWW, St]).
Focusing our attention in AG algebras, by Macaulay Matlis duality one knows that they are
a quotient of a polynomial ring (described as ring of differential operators) by the annihilator
of a single form. The main tools to understand the SLP and the WLP are the Higher Hessian
matrix, introduced in [MW], that controls the SLP and the mixed Hessian matrix, introduced
in [GZ2], that generalize the previous notion and control both WLP and SLP. Our first result
is a factorization of the Mixed Hessian matrix of a form in a power sum decomposition of
a form, see Proposition 2. We use this decomposition to give a criterion of maximality of
its rank (see Proposition 2.4) and WLP (see Corollary 2.5). As a Corollary we obtain an
inequality between the border rank and the Waring rank of certain forms (see Corollary 2.6).
In [IK], the authors used power sum decomposition to study AG algebras and vice versa.
This idea have been used many times.
We study the border rank of a class of bi-graded forms that are closely related to the clas-
sical works of Gordan-Noether and Perazzo on forms with vanishing Hessian, for a detailed
account on the subject see [Go]. In Proposition 3.2 we give an upper bound for the border
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rank of these forms.
The main results of this work are Theorem 3.7 and Theorem 3.14 and their Corollaries,
that produce new classes of wild forms (see 3.17 and 3.20). In [BB, HMV], the authors studied
wild forms of minimal border rank with vanishing Hessian. In [HMV] they proved that every
form with vanishing Hessian and minimal border rank is wild. We construct classes of wild
forms whose border rank is not minimal and also classes whose Hessian is non vanishing.
Since we get an upper bound for the border rank of a class of forms related with forms with
degenerated mixed Hessian, our strategy was to find a lower bound for the cactus rank in the
same philosophy of [BB, HMV]. As it has been noticed before in [BB, HMV], in degree one, a
natural ingredient to find a lower bound for the cactus rank, is to show that it is bigger than
the Hilbert function on this degree, of the associated AG algebra. Generalizing this idea we
look for an element in the saturation, in degree k, of the ideal generated by the graded parts
of degree k of the Macaulay dual of f . To get a lower bound to the Cactus rank we impose
that the form is k-concise, meaning that the Hilbert function is maximal up to degree k.
1. Preliminaries
1.1. Artinian Gorenstein algebras and Lefschetz properties. Let K be a field of
char(K) = 0 and let A =
d⊕
i=0
Ai be an Artinian K-algebra with Ad 6= 0, we say that A is stan-
dard graded ifA0 = K and A is generated in degree 1 as algebra. The Hilbert function of A can
be described by the vector Hilb(A) = (a0, a1, . . . , ad), where ai = dimAi. We say that Hilb(A)
is unimodal if it has no valleys, that is, there exists k such that 1 ≤ a1 ≤ . . . ≤ ak ≥ ak+1 ≥ ad.
Definition 1.1. A standard graded algebra A is Gorenstein if and only if ad = 1 and the
restriction of the multiplication of the algebra in complementary degree, that is, Ai×Ad−1 →
Ad ≃ K is a perfect paring for i = 0, 1, . . . , d (see [MW]).
Macaulay-Matlis duality produces standard graded Artinian Gorenstein algebras. Let us
recall this construction. Let f ∈ R = K[x0, x1, . . . , xn]d be a form of degree deg(f) = d ≥ 1
and let Q = K[X0,X1, . . . ,Xn] be the ring of differential operators associated to R. We define
the annihilator ideal
Ann(f) = {α ∈ Q| α(f) = 0} ⊂ Q.
The homogeneous ideal Ann(f) of Q is also called Macaulay dual of f . We define
A =
Q
Ann(f)
.
A is a standard graded Artinian Gorenstein K-algebra such that Aj = 0 for j > d and
such that Ad 6= 0 (see [MW, Section 1,2]). We assume, without loss of generality, that
(Ann(f))1 = 0.
The Theory of Inverse Systems gives us the converse. A proof of this result can be found
in [MW, Theorem 2.1].
Theorem 1.2. (Double annihilator Theorem of Macaulay)
Let R = K[x0, x1, . . . , xN ] and let Q = K[X0,X1, . . . ,XN ] be the ring of differential operators.
4 T. DIAS AND R. GONDIM
Let A =
d⊕
i=0
Ai = Q/I be an Artinian standard graded K-algebra. Then A is Gorenstein if
and only if there exists f ∈ Rd such that A ≃ Q/Ann(f).
Definition 1.3. With the previous notation, let A =
d⊕
i=0
Ai = Q/I be an Artinian Gorenstein
K-algebra with I = Ann(f), I1 = 0 and Ad 6= 0. In this case, the form is called concise. The
socle degree of A is d which coincides with the degree of the form f . By abuse of notation,
we say that the codimension of A is the codimension of the ideal I ⊂ Q which, in this case,
coincides with its embedding dimension, that is, codimA = n+ 1.
We now recall the so called Lefschetz properties for a standard graded Artinian Gorenstein
K-algebra.
Definition 1.4. Let A =
d⊕
i=0
Ai be a standard graded Artinian Gorenstein K-algebra.
(i) We say that A has the Strong Lefschetz property (SLP) if there is L ∈ A1 such that the
K-linear multiplication maps •Ld−2i : Ai → Ad−i are isomorphisms for i = 1, . . . , ⌊
d
2⌋.
(ii) We say that A has the Weak Lefschetz property (WLP) if there is L ∈ A1 such that
the K-linear multiplication maps •L : Ai → Ai+1 are of maximal rank for i = 0, . . . , d.
Let A = Q/Ann(f) be a standard graded Artinian Gorenstein K-algebra of socle degree
d, Let k ≤ l ≤ d be two integers and let Bk = (α1, . . . , αmk) be a K-linear basis of Ak and
Bl = (β1, . . . , βml) be a K-linear basis of Al.
Definition 1.5. We call mixed Hessian of f of mixed order (k, l) with respect to the basis
Bk and Bl the matrix:
Hess
(k,l)
f := [αiβj(f)]mk×ml .
Moreover, we define Hesskf = Hess
(k,k)
f and hess
k
f = det(Hess
k
f ) the Hessian matrix of k-th
order and the Hessian of k-th order of f respectively. Note that hessf = hess
1
f .
The next result is a generalization of [Wa1, Theorem 4] and [MW, Theorem 3.1]. It was
proved in [GZ2, Corollary 2.5].
Theorem 1.6. [GZ2] (Hessian criteria for Strong and Weak Lefschetz elements)
Let A = Q/AnnQ(f) be a standard graded Artinian Gorenstein algebra of codimension
n+ 1 and socle degree d and let L = a0x0 + . . .+ arxr ∈ A1. The map •L
l−k : Ak → Al, for
k < l ≤ d2 , has maximal rank if and only if the (mixed) Hessian matrix Hess
(d−l,k)
f (a0, . . . , ar)
has maximal rank. In particular, we get the following:
(1) (Strong Lefschetz Hessian criterion, [Wa1], [MW]) L is a strong Lefschetz ele-
ment of A if and only if hesskf (a0, . . . , ar) 6= 0 for all k = 0, 1, . . . , [d/2].
(2) (Weak Lefschetz Hessian criterion) L ∈ A1 is a weak Lefschetz element of A if
and only if either d = 2q + 1 is odd and hessqf (a0, . . . , ar) 6= 0 or d = 2q is even and
Hess
(q−1,q)
f (a0, . . . , ar) has maximal rank.
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1.2. Waring rank, border rank and Cactus rank. Let f ∈ R = C[x0, ..., xn]d be a form.
Any expression of the form f = ld1 + ... + l
d
k, where l1, ..., lk are linear forms on R, will be
called a power sum decomposition of f .
Definition 1.7. The Waring rank of f over R is the least number of terms in a power sum
decomposition of f , we denote it by wrk(f).
In [Syl, Syl2] Sylvester determined the Waring rank of homogeneous polynomials of two
variables, this results can be summarized in the following Theorem.
Theorem 1.8. (Sylvester) The Waring rank of a generic polynomial f ∈ K[x, y]d is
⌈
d−1
2
⌉
.
In [AH1],[AH2] and [AH2], Alexander and Hirschowitz described the Waring rank for a
generic form.
Theorem 1.9. (Alexander-Hirschowitz) A generic f ∈ C[x0, . . . , xn]d has Waring rank
wrk(f) =
⌈
(n+dd )
n+1
⌉
, except for:
(i) (n, 2), in this case wrk(f) = n+ 1;
(ii) (n, d) = (2, 4), (3, 4), (4, 3), (4, 4), in this case wrk(f) =
⌈
(n+dd )
n+1
⌉
+ 1.
From a more geometric viewpoint we consider the following picture. Given a power sum
decomposition f = ld1 + ... + l
d
k, consider Pi = l
⊥
i ∈ P
n. We will identify the ideal of points
of Γ = {P1, . . . , Ps}, IΓ with an ideal in Q, by the differential version of Macaulay-Matlis
duality. Under this identification we have the following useful Lemma whose proof can be
found in [IK, Lemma 1.31].
Lemma 1.10. Apolarity Lemma A form f ∈ Rd ca be decomposed as
f = ld1 + ...+ l
d
k
with li pairwise linearly independent linear forms if and only if IΓ ⊂ Annf .
Definition 1.11. Let X ⊂ Pn be a projective variety. The s-th secant variety of X is
Ss(X) = {< p1, . . . , ps > |pi ∈ X} ⊂ P
n.
Consider R = C[x0, . . . , xn] and Rd its graded part of degree d.
Definition 1.12. The Veronese map Vd : P(R1)→ P(Rd) is the morphism given by Vd([l]) =
[ld]. Its image is called the Veronese variety Vd(P
n).
Definition 1.13. Let f ∈ Rd and p = [f ] ∈ P(Rd) the corresponding point. The border rank
of f is the minimal integer s = rk(f) such that p ∈ Ss(Vd(P(Rd)).
Notice that rk(f) = s means that [f ] is a limit of forms with Waring rank s.
In the sequel we will need the following result about the border rank of monomials.
Theorem 1.14. [LT, Theorem 11.2] If e0 ≥ e1 ≥ . . . ≥ en, then
rk(xe00 x
e1
1 . . . x
en
n ) ≤ (e1 + 1) . . . (en + 1).
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Definition 1.15. Let f ∈ Rd and p = [f ] ∈ P(Rd) the corresponding point. The cactus rank
of f is the minimal integer s = cr(f) such that there is a length s finite schemeK ⊂ Vd(P(Rd))
such that p ∈< K >.
Definition 1.16. Let f ∈ Rd and p = [f ] ∈ P(Rd) the corresponding point. The smoothable
rank of f is the minimal integer s = sr(f) such that there is a a length s smoothable finite
scheme K ⊂ Vd(P(Rd)) such that p ∈< K >.
Remark 1.17. It is clear, from the definitions that wrk(f) ≥ r(f) and that cr(f) ≤ sr(f).
See [BBM] for a detailed discussion about the relations among various notions of rank of a
form. We know that:
rk(f) ≤ sr(f) ≤ wrk(f).
cr(f) ≤ sr(f) ≤ wrk(f).
Moreover, cr(f) and rk(f) are incomparable. For instance, in [BR] there are examples of
forms for which cr(f) < rk(f). On the other hand, in [BB, HMV] and in the present work
we give examples of forms for which rk(f) < cr(f), these forms are wild, in a sense that we
precise in the third section.
Example 1.18. In [BB] the authors showed that the form f = xu2 + y(u + v)2 + zv2 ∈
C[x, y, z, u, v] has
wrk(f) = 9, rk(f) = 5 and sr(f) = cr(f) = 6.
Moreover, in [HMV], the authors showed that inequality rk(f) < cr(f) was a consequence of
two properties of f .
(i) f has minimal border rank, that is rk = a1 = 5;
(ii) hessf = 0.
Concise cubic forms with vanishing Hessian were studied by Perazzo in [Pe] and revisited in
[GRu]. In C[x, y, z, u, v] there is only one concise cubic form with vanishing Hessian up to
projective transformations.
2. Hessian matrices of a form in a power sum decomposition
Let R = C[x0, . . . , xn] be a polynomial ring and Q = C[X0, . . . ,Xn] be the associated ring
of differential operators. Let f ∈ Rd be a form and let A(f) = Q/Ann(f) be the associated
AG algebra. Consider a power sum decomposition of f .
f = ld1 + l
d
2 + . . .+ l
d
s .
We are considering s ≥ wrk(f), that is, it is not necessarily the Waring decomposition.
Let {α1, . . . , αmk} be a basis of the C-vector space Ak, and {β1, . . . , βml} be a basis of the
C-vector space Ad−l for some k < l ≤ d − k and k ∈ {1, . . . , ⌊
d
2⌋}. We can suppose without
loss of generality that mk ≤ ml, by unimodality.
For any linear form lr =
n∑
t=1
atrxt and for any αj =
n∏
t=1
X
etj
t we get:
(1) αj(l
d
r ) =
d!
(d− k)!
ld−kr
n∏
t=1
a
etj
tr .
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We define w
(k)
jr =
n∏
t=1
a
etj
tr ∈ C for j = 1, . . . ,mk. For any βi =
n∏
k=1
Xftit let w
(d−l)
ir =
n∏
k=1
aftitr
with i = 1, . . . ,ml. Using Equation 1, we get:
(2) βiαj(l
d
r ) =
d!
(l − k)!
ll−kr w
(d−l)
ir w
(k)
jr .
LetWk = [w
(k)
jr ]mk×s,Wd−l = [w
(d−l)
ir ]ml×s andDk,l = Diag(l
l−k
1 , l
l−k
2 , . . . , l
l−k
s ). Sometimes
we omit the index (k) if it is clear in the context, especially when l = d− k.
Lemma 2.1. With the previous notations, we get:
(1)
Hess
(d−l,k)
f =
d!
(l − k)!
[Wd−l]ml×s[Dk,l]s×s[Wk]
t
s×mk
.
(2)
Hesskf =
d!
(d− 2k)!
[Wk]mk×s[Dk,d−k]s×s[Wk]
t
s×mk
.
Proof. By definition Hess
(d−l,k)
f = (βiαj(f))ml×mk . Hence,
Hess
(d−l,k)
f = (βiαj(f))ml×mk =
d!
(l − k)!
(
s∑
r=1
ll−kr w
(d−l)
ir w
(k)
jr )ml×mk =
=
d!
(l − k)!


s∑
r=1
ll−kr w
(d−l)
1r w
(k)
1r . . .
s∑
r=1
ll−kr w
(d−l)
1r w
(k)
mr
. . . . . . . . .
s∑
r=1
ll−kr w
(d−l)
mr w
(k)
1r . . .
s∑
r=1
ll−kr w
(d−l)
mr w
(k)
mr


ml×mk
=
d!
(l − k)!

 l
l−k
1 w
(d−l)
11 . . . l
l−k
s w
(d−l)
1s
. . . . . . . . .
ll−k1 w
(d−l)
ml1
. . . ll−ks w
(d−l)
mls


ml×s

 w
(k)
11 . . . w
(k)
mk1
. . . . . . . . .
w
(k)
1s . . . w
(k)
mks


s×mk
=
d!
(l − k)!

 w
(d−l)
11 . . . w
(d−l)
1s
. . . . . . . . .
w
(d−l)
ml1
. . . w
(d−l)
mls


m×s

 ll−k1 . . . 0. . . . . . . . .
0 . . . ll−ks


s×s

 w
(k)
11 . . . w
(k)
mk1
. . . . . . . . .
w
(k)
1s . . . w
(k)
mks


s×m

Remark 2.2. Sylvester proved in [Syl] that wrk(f) ≥ rk(Hesskf ) for k = ⌊
d
2⌋ (see also [Do,
Corollary 3.5]). If A = A(f) has the SLP, it implies that s ≥ mk for all k.
Consider the natural exact sequence
0→ Ik → Qk → Ak → 0.
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We can think Q as a polynomial ring, in this context we identify Pn = P(Q1), P
ν(k,n)−1 =
P(Qk) and P
ak−1 = P(Ak). consider the Veronese map Vk : P
n → P(
n+k
k ) given by Vk(L) = L
k.
We get the following diagram:
P
n →֒ Pν(k,n)−1
↓
P
ak−1
We consider the map V ′k : P
n → Pak−1 the relative Veronese (see [DGI]).
Proposition 2.3. Let f = ld1+...+l
d
s ∈ R = K[x0, ..., xn] with d > 2k, k > 1 and ak = dimAk.
Let Pi = l
⊥
i be the point that is dual of the hyperplane defined by li. Consider the Veronese
map Vk : P
n → P(
n+k
k ). Then,
Wk = [[Vk(P1)] : ... : [Vk(Ps)]]ak×s.
Moreover, Wk has maximal rank.
Proof. Note that Ak has a monomial basis, let α = X
c0
0 x
C1
1 ...X
cN
N ∈ Ak, c0+ ...+ cn = k, and
denote lr = (a1rx1 + ...+ anrxn), we have:
αi1...ik(l
d
r ) =
d!
(d− k)!
ld−kr a
ci1
i1
...acikik .
Hence all the entries of the rth column of W are of the form wi1...ir = a
ci1
i1
...a
cik
ik
.
The maximality of the rank follows from the Apolarity Lemma 1.10. In fact, if the rank
of Wk drops, then, the image of Γ by the relative Veronese, Γ
′ ⊂ Pak−1, should satisfy
< Γ′ >⊂ H ⊂ Pak−1. It means that there is degree k form α ∈ Ak in the ideal of the points
Pi, but IΓ ⊂ Annf = I. The result follows.

Proposition 2.4. Consider the decomposition of the Hessian matrix:
Hess
(d−l,k)
f =
d!
(l − k)!
[Wd−l]ml×s[Dk,l]s×s[Wk]
t
s×mk
.
Assuming that s ≥ ml ≥ mk we get:
(1) If s = mk = ml, then det(Hess
(d−l,k)
f ) 6= 0.
(2) If s > ml, then
dim
(
Im(DW tk) ∩Ker(Wd−l)
)
= dim
(
DW tk
(
Ker
(
Hess
(d−l,k)
f
)))
= dim
(
Ker
(
Hess
(d−l,k)
f
))
.
Moreover, the following conditions are equivalent:
(a) rank(Hess
(d−l,k)
f ) is maximal;
(b) dim
(
Im(DW tk) ∩Ker(Wd−l)
)
= ml −mk;
(c) dim
(
Im(W tk) ∩Ker(Wd−lD)
)
= ml −mk.
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Proof. Consider the decomposition of Hess
(d−l,k)
f =
d!
(l−k)! [Wd−l]ml×s[Dk,l]s×s[Wk]
t
s×mk
. in a
diagram of L vector spaces, with L = C(x). Recall that D is an isomorphism.
Hess
(d−l,k)
f
L
mk −→ Lml
W tk ↓ ↑ Wd−l
L
s −→ Ls
D
(1) If s = mk = ml, Hess
(d−l,k)
f is a square matrix. Since det(D) 6= 0, the result follows
immediately from the decomposition formula.
(2) It is easy to check that Im(DW tk)∩Ker(Wd−l) = DW
t
k
(
Ker
(
Hess
(d−l,k)
f
))
. SinceW tl
and D are injective, we have
dim
(
Im(DW tk) ∩Ker(Wd−l)
)
= dim
(
DW tk
(
Ker
(
Hess
(d−l,k)
f
)))
= dim
(
Ker
(
Hess
(d−l,k)
f
))
Hess
(d−l,k)
f has maximal rank if and only if dim(Ker
(
Hess
(d−l,k)
f
)
= ml −mk. Now
we get (a)⇔ (b)⇔ (c) .

Corollary 2.5. Let f ∈ Rd be a form and let A be the associated AG algebra. Suppose that
f has a power sum decomposition with s = ak for some k ≤ d/2. Then
hesskf 6= 0.
In particular, if d = 2q + 1 and k = q, then A has the WLP.
Proof. If follows from Proposition 2.4 and from the Hessian criteria Theorem 1.6. 
Corollary 2.6. Let f ∈ Rd be a concise homogeneous form and A = A(f) be the associated
algebra. If rk(f) = dimAk and hess
k
f = 0, then
wrk(f) > rk(f).
In particular, all concise forms of minimal border rank and vanishing Hessian have rank
greater then its border rank.
Proof. We get that wrk(f) ≥ rk(f). If equality holds true, let r = wrk(f). We get a limit
lim
t→0
li(t) = li ∈ A1 satisfying
f = lim
t→0
r∑
i=1
li(t)
d =
r∑
i=1
lim
t→0
li(t)
d =
r∑
i=1
ldi
On the other hand, if wrk(f) = r, then, by Corollary 2.5, hesskf 6= 0. 
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3. Wild forms
The definition of a wild form can be found in [BB, HMV].
Definition 3.1. We say that a form f ∈ Rd is wild if
rk(f) < sr(f).
Since sr(f) ≥ cr(f) and since we are not interested in the smoothable rank we produce
wild forms showing that rk(f) < cr(f). Our strategy is to find an upper bound to rk(f)
which is also a lower bound to cr(f). That is, a positive integer a such that
rk(f) ≤ a < cr(f).
The next result is a generalization of [BB, Proposition 2.6].
Proposition 3.2. Let X ⊂ PN be a projective variety of dimension dimX = n and let
x1, . . . , xr ∈ X smooth points. Suppose that dim < x1, . . . , xr >≤ r − 1. Then
< T kx1X, . . . , T
k
xrX >⊂ S
rT k−1X ⊂ SkrX.
Proof. Since T k−1X ⊂ SkX, we have Sr(T k−1X) ⊂ Sr(SkX) ⊂ Srk(X). Take points
a1,...ar ∈ C
N+1 such that [ai] = xi, for i = 1, ..., r. Since dim < x1, . . . , xr >≤ r − 1,
we can suppose that a1 + . . .+ ar = 0. Let v an arbitrary point of < T
k
x1
X, . . . , T kxrX >. We
can write v = v1+ ...+vr with vi ∈ T
k
xi
X. Let αi(t) ⊂ T
k−1X be a curve such that αi(0) = xi
and α′i(o) = vi. It is possible since the vectors of T
k
xi
X belongs to the tangent cone of T k−1X
in xi.
Define the curve α(t) = 1
t
∑r
i=1 αi(t). Note that [α(t)] ∈ S
r(T k−1(X)). Therefore:
Sr(T k(X)) ∋ [α(0)] =
[
lim
t→0
1
t
r∑
i=1
(αi(t)− ai)
]
=
[
r∑
i=1
lim
t→0
αi(t)− αi(0)
t
]
=
[
r∑
i=1
vi
]
= [v].

The next result is a generalization of [HMV, Lemma 5.1].
Corollary 3.3. Let f ∈ C[x1, . . . , xn, u, . . . , v](k,d−k) be a bi-homogeneous form of bi-degree
(k, d− k) with 1 ≤ k ≤ d− k. The border rank of f satisfies:
rk(f) ≤ k(d+ 2).
Proof. Since dimC[u, v]d = d + 1, let l
d
0 , . . . , l
d
d ∈ C[u, v]d be a basis. It is easy to see
that f =
d∑
i=0
fi(x)l
d
i . Let ld+1 ∈ C[u, v] be an arbitrary linear form. The points x0 =
[ld0], . . . , xd = [l
d
d], xd+1 = [l
d
d+1] ∈ V(d,P
1) = X are linearly dependent, that is, dim <
x0, . . . , xd+1 >≤ d + 1. Therefore, by Proposition 3.2, < T
k
x0
X, . . . , T kxd+1X >⊂ S
k(d+2)X.
Since [f ] ∈< T kx0X, . . . , T
k
xd+1
X >⊂ Sk(d+2)X, the result follows. 
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3.1. k-concise wild forms with vanishing Hessian.
Definition 3.4. A form f ∈ Rd is called k-concise, with d ≥ 2k+1, if Ij = 0 for j = 1, 2, . . . , k.
It is equivalent to aj =
(
n+j
j
)
for j = 0, . . . , k. As usual, 1-concise forms are called concise.
The following Lemma is a generalization, for higher Hessians of an idea contained in proof
of [HMV][Theorem 3.5] for the case of classical Hessians.
Lemma 3.5. Let f ∈ Rd be a concise form and A = A(f) = Q/I be the associated algebra.
Suppose that ak ≤ ad−s and k + s ≤ d. If Hess
(k,s)
f is degenerated, then exists α ∈ I
sat
k \ Ik.
Proof. We are considering Hess
(k,s)
f as a matrix in R. By the Hessian criteria 1.6, for each
L ∈ A1, the map •L
d−s−k : Ak → Ad−s is represented by Hess
(k,s)
f (L
⊥). Therefore, there is a
universal polynomial in the kernel of Hess
(k,s)
f such that its image α ∈ Ak belongs the kernel
of •Ld−s−k for every L ∈ A1, that is L
d−s−kα ∈ Id−s. In particular, X
d−k−s
i α ∈ Id−s for
i = 0, . . . , n, that is, α ∈ Isatk \ Ik. 
Lemma 3.6. Let f ∈ Rd be a k−concise form with 2k < d and let I = Ann(f) ⊂ Q. Let
J = (Id−k) ⊂ Q be the ideal generated by the degree d − k part of I. If J
sat
l 6= ∅ for some
l ≤ k, then
cr(f) > ak =
(
n+ k
k
)
.
Proof. Let I = Annf and consider the algebra A = Q/I. Let ai = dimAi Since A is
Gorenstein, we get ak = ad−k, by Poincare´ duality. Let B = Q/J and bi = dimBi, we get
that bk =
(
n+k
k
)
and bd−k = ad−k.
Let K ⊂ I = Annf be any saturated ideal satisfying the definition of cactus rank for
f , that is, the zero dimensional scheme X defined by K has length cr(f) and f ∈< X >.
We know that the Hilbert function of Q/K is non decreasing and stabilizes in the constant
polynomial ℓ(K) = cr(f) ∈ N. Suppose that cr(f) ≤ ak. Thus,
dim(Q/K)d−k ≤ cr(f) ≤ ak = bd−k = dim(Q/J)d−k.
On the other hand, Kd−k ⊂ Id−k, hence
dim(Q/K)d−k ≥ dim(Q/J)d−k.
Therefore we get
dim(Q/K)d−k = dim(Q/J)d−k.
Which gives us Kd−k = Jd−k, that is J ⊂ K, since J is generated in degree d− k. Then, we
get Jsat ⊂ Ksat = K, since K is saturated. Since f is k− concise and K ⊂ I, we have
Jl = Kl = Il = 0.
For all l ≤ k. It is a contradiction. Therefore, cr(f) > ak. 
Theorem 3.7. Let f ∈ Rd be a k-concise homogeneous form, with 2k ≤ d. If hessf = 0,
then
cr(f) >
(
n+ k
k
)
.
In particular, if rk(f) ≤
(
n+k
k
)
, then f is wild.
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Proof. Consider the algebra A = Q/I and B = Q/J and let ai = dimAi and bi = dimBi.
Since A is Gorenstein we get ak = ad−k, by Poincare´ duality. Since Ik = Jk = 0, by hypoth-
esis, we get ak = bk, and by construction, ad−k = bd−k. Therefore, bk = bd−k.
Since hessf = 0, by Lemma 3.5, we know that J
sat contains a linear form. By Lemma 3.6,
the result follows.

The following Corollary is one the main results of [HMV] (see [HMV, Theorem 3.5]).
Corollary 3.8. Let f ∈ Rd be a concise form with minimal border rank. If hessf = 0, then
f is wild.
Proof. Minimal border rank means rk(f) = a1. Since f is 1-concise and hessf = 0, by
Theorem 3.7, we get cr(f) > a1. 
In low degree it seems to be hard to construct examples of wild forms with vanishing
Hessian whose border rank is not minimal. On the other hand, in high degree we get families
of such forms.
Example 3.9. Consider the forms fd ∈ C[x, y, z, u, v]d2−1 given by fd = (xu
d + yud−1v +
zvd)d−1 we checked with Macaulay2 for several values d that fd is (d − 1)-concise. If this
is true in general, then, by Theorem 3.7, cr(f) >
(
d+3
4
)
. The fd = g
d−1 is a (d − 1)-th
power of a form g = xud + yud−1v + zvd that we know it has vanishing Hessian. Indeed,
by Gordan-Noether criteria, since the partial derivatives of g satisfy gd−1x gz = g
d
y , they are
algebraically dependent, therefore, hess fd = 0. Moreover, we choose gd = xu
d+yud−1v+zvd
since its polar image has degree d, if the polar degree was lower, then the fd could not be
(d− 1)-concise. On the other hand, by Proposition 3.2, we get rk(f) ≤ (d− 1)(d2 + 1). For
any d ≥ 17 we get rk(f) ≤ cr(f). For d = 17 we checked the 16-conciseness of f17 which
implies that f17 is wild with border rank non minimal. In this case cr(f17) > a16 = 4845 and
rk(f) ≤ 4640, hence f is wild.
The next example is related to Gordan-Noether original approach (see [GN] and [CRS,
§2.3]).
Definition 3.10. Let R = C[x0, . . . , xt, u, v] with natural bi-grading. Let Ql = x0Ml0+ . . .+
xtMlt ∈ R(1,e−1) with l = 1, . . . , t−m be generic forms given by Gordan-Noether machinery
(see [CRS, §2.3]). Let d = µe and let Pµ(z1, . . . , zs) be a generic form of degree µ. A generic
GN hypersurface of type (t+ 2, t,m, e) and degree d is defined by:
f = Pµ(Q1, . . . , Qt−m).
Example 3.11. Consider a generic GN polynomial of type (t + 2, t, t − 2, e), and degree
d = 4e, it means that there are two Perazzo polynomials with vanishing Hessian, Q1, Q2 ∈
C[x0, x1, . . . , xt, u, v](1,e) given by Gordan-Noether machinery and a generic quartic polyno-
mial P (z1, z2) such that f = P (Q1, Q2). By the genericity of Q1, Q2 and P , f is 2-concise.
By [CRS, Proposition 2.9], hessf = 0. For s = 28 and e = 30, we get:
cr(f) = 496 > 488 = rk(f).
WARING PROBLEMS AND THE LEFSCHETZ PROPERTIES 13
Let P (z1, z2) be a generic quartic polynomial, let Qi ∈ C[x0, x1, . . . , xs, u, v](1,e) be generic
Perazzo polynomials given by Gordan-Noether machinery, with e = 2⌊ s2⌋ and let f =
P (Q1, Q2) be a generic GN polynomial of type (t+ 2, t, t− 2, e) and degree d = 4e.
Corollary 3.12. With the previous notation, let f = P (Q1, Q2) be a degree 4e generic GN
polynomial. If s ≥ 28, then f is wild.
Proof. The genericity of Q1, Q2 and P implies that f is 2-concise. In fact, by Sylvester
Theorem, 1.8, P = l41+ l
4
2 and we write Q1 = x0M0+ . . .+xtMt and Q2 = x0N0+ . . .+xtNt,
to simplify the notation. We get
XiXj(f) = 12(MiMjQ
2
1 +NiNjQ
2
2.)
Suppose that
∑
cijXiXj(f) = 0, then, using the bi-grading we get
∑
cijMiMj = 0 and∑
cijNiNj = 0, which implies cij = 0.
By [CRS, Proposition 2.9], hessf = 0. From Proposition 3.2,
rk(f) ≤ 4(4(e + 1) + 2) = 16e+ 40.
By Theorem 3.7,
cr(f) >
(
s+ 4
2
)
.
For s ≥ 28,
cr(f) > rk(f).

3.2. k-concise wild forms with degenerated mixed Hessian. In this section we con-
struct wild forms with non vanishing Hessian.
Lemma 3.13. Let f ∈ Rd be a k−concise form with 2k < d. Let I = Ann(f) ⊂ Q and
A = Q/I. Suppose that Hilb(A) is unimodal. Let J = (I≤d−k) ⊂ Q be the ideal generated by
the graded parts of degree ≤ d− k of I. If Jsatl 6= ∅ for some l ≤ k, then
cr(f) > ak =
(
n+ k
k
)
.
Proof. Let I = Annf and consider the algebra A = Q/I and denote ai = dimAi. Since A is
Gorenstein, we get ak = ad−k =
(
n+k
k
)
, by Poincare´ duality and by the k-conciseness of f . Let
B = Q/J and bi = dimBi, we get that bk =
(
n+k
k
)
, since IK = Jk = 0 by the k-conciseness
of f . For s ∈ {k + 1, . . . , d − k} we get bs = as, notice also that ak ≤ as, since Hilb(A) is
unimodal.
Let K ⊂ I = Annf be any saturated ideal satisfying the definition of cactus rank for
f , that is, the zero dimensional scheme X defined by K has length cr(f) and f ∈< X >.
We know that the Hilbert function of Q/K is non decreasing and stabilizes in the constant
polynomial ℓ(K) = cr(f) ∈ N. Suppose that cr(f) ≤ ak. For any s ∈ {k + 1, . . . , d− k}, we
get
dim(Q/K)s ≤ cr(f) ≤ ak ≤ as = dim(Q/J)s.
On the other hand, Ks ⊂ Is, hence
dim(Q/K)s ≥ dim(Q/J)s.
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Therefore we get
dim(Q/K)s = dim(Q/J)s.
Which gives us Ks = Js, that is J ⊂ K, since J is generated in degree {k + 1, . . . , d − k}.
Then, we get Jsat ⊂ Ksat = K, since K is saturated. Since f is k−concise and K ⊂ I, we
have
Jl = Kl = Il = 0.
For all l ≤ k. It is a contradiction. Therefore cr(f) > ak. 
Theorem 3.14. Let f ∈ Rd be a k-concise homogeneous form with 2k ≤ d and let l, s be
integers such that l ≤ k ≤ s and s + l ≤ d. Let I = Ann(f) and A = Q/I and suppose
that Hilb(A) is unimodal. Suppose that Hess
(l,s)
f is degenerated, or equivalently, for a generic
L ∈ A1, the map •L : Al → Ad−s is not injective. Then:
cr(f) >
(
n+ k
k
)
.
In particular, if rk(f) ≤ ak, then f is wild.
Proof. Let I = Annf and consider the algebra A = Q/I. Let ai = dimAi Since A is
Gorenstein we get ak = ad−k =
(
n+k
k
)
, by Poincare´ duality. Let J = (I≤d−k) be the ideal
generated by the pieces of I in degree ≤ d − k. Let B = Q/J and bi = dimBi, we get that
bk =
(
n+k
k
)
and bd−k = ad−k. By hypothesis we have
al = bl ≤ ak = bk ≤ as = bs = ad−s = bd−s.
By Lemma 3.5, there is γ ∈ Isatl . By hypothesis s ≥ k, therefore, d − s ≤ d − k, which
implies Id−s = Jd−s, hence γ ∈ J
sat
l . The result follows from Lemma 3.13. 
The first example of a form with vanishing second Hessian whose Hessian is non vanishing
was given by Ikeda in [Ik], see also [MW, Go] for further discussions.
Example 3.15. Let f = xu3v + yuv3 + x2y3 ∈ C[x, y, u, v]5. Let A = Q/Annf , we get
Hilb(A) = (1, 4, 10, 10, 4, 1).
Therefore f is 2-concise. We know that hess2f = 0. By Proposition 3.2, rk(f) ≤ 7. By
Theorem 1.14, rk(x2y3) = 3, then rk(f) ≤ 10. By Theorem 3.14 we get that cr(f) > 10,
therefore f is wild.
In [Go, Theorem 2.3], the first author generalized the Ikeda’s example, introducing a series
of forms with vanishing Hessian of order k. They are called exceptional polynomials of order
k and degree d.
f =
m∑
i=1
xiMi + h(x).
If we choose h wisely, then we get 2-concise exceptional polynomials. It is easy to control
the border rank of such polynomials and obtain new examples of wild forms without vanishing
hessian.
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Example 3.16. Let f = xu5v + yu3v3 + zuv5 +
6∑
i=1
l7i ∈ C[x, y, z, u, v]7 with li ∈ C[x, y, z]
generic linear forms. We checked, using Macaulay2, that f is 2-concise and that the Hilbert
vector of the algebra is unimodal. By Theorem [Go, Theorem 2.3], hess2f = 0, which can also
be checked directly. By Proposition 3.2,
rk(xu5v + yu3v3 + zuv5) ≤ 9.
Hence, rk(f) ≤ 15. By Theorem 3.14, cr(f) > 15. Therefore, f is wild.
Generalizing this idea we get the following:
Corollary 3.17. Let f ∈ C[x1, . . . , xn, u, v]d+2 be a exceptional form of degree d + 2 with
d = 2n− 1 > 3 given by:
f = x1u
dv + x2u
d−2v3 + . . .+ xnuv
d + h.
With h =
(n+12 )∑
i=1
ld+2i ∈ C[x1, . . . , xn] where li are generic linear forms. Then f is wild.
Proof. For such exceptional form, it is easy to see that if h ∈ C[x1, . . . , xn]d+2 is 2-concise,
then f is 2-concise. The Hilbert vector of the associated AG algebra is unimodal (see [Go]).
Since h =
(n+12 )∑
i=1
ld+2i and l1 ∈ C[x1, . . . , xn]1 are generic, then it is 2-concise. By [Go, Theorem
2.3], hess2f = 0. By Proposition 3.2, we get
rk(f) ≤ (d+ 2) + 2 + rk(h) ≤ 2n+ 3 +
(
n+ 1
2
)
=
(
n+ 3
2
)
.
Since a2 =
(
n+3
2
)
, by Theorem 3.14, cr(f) >
(
n+3
2
)
. The result follows.

Also in [Go], the author generalized for higher Hessians some classical constructions of
forms with vanishing Hessians tracing back to Gordan-Noether and Perazzo’s counter exam-
ples to Hesse’s claim. They are called GNP polynomials.
Proposition 3.18. [Go, Prop. 2.5] Let f ∈ C[x0, . . . , xn, u1, . . . , um]k,e a bi-graded form of
bi-degree (k, e) with k < e. Let f =
s∑
i=1
figi with fi ∈ C[x] and gi ∈ C[u], if s >
(
m+k−1
k
)
,
then hesskf = 0.
Example 3.19. Consider Mi ∈ C[x, y, z]4 with i = 0, . . . , 14, be all the quartic monomials
in 3 variables and let
f =
14∑
i=0
Miu
14−ivi ∈ C[x, y, z, u, v]18.
We checked, using Macaulay2, that f is 4-concise. By Prop 3.18, hess4f = 0. By Theorem
3.14, cr(f) >
(4+4
4
)
= 140. By Proposition 3.2, rk(f) ≤ 4.(18 + 2) = 80. We get that f is
wild.
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Corollary 3.20. Let Mi ∈ C[x0, . . . , xn]k with i = 0, . . . , b−1 be all the monomials of degree
k, where b =
(
n+k
k
)
. Let
f =
b−1∑
i=0
Miu
b−ivi ∈ C[x, y, z, u, v]b−1+k .
If
(
n+k+2
k
)
> k[(k + 1) +
(
n+k
k
)
], then f is wild.
Proof. We want to show that f is k-concise, that is, ak =
(
n+k+2
k
)
. Consider the decomposi-
tion of Ak given by the bi-grading of f :
Ak = A(k,0) ⊕ . . .⊕A(i,k−i) ⊕ . . . ⊕A(0,k).
By the choice of all the monomials in both variables, we get that
dimA(i,k−i) = dimA(0,k−i) dimA(i,0) = (k − i+ 1)
(
n+ i
i
)
.
Therefore
dimAk =
k∑
i=0
(k − i+ 1)
(
n+ i
i
)
=
(
n+ k + 2
k
)
.
By Proposition 3.18, hesskf = 0. By Proposition 3.2, rk(f) ≤ k[k+b−1+2] = k[(k+1)+
(
n+k
k
)
].
The result follows from Theorem 3.14. 
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